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Abstract 



This paper considers the Schrodinger propagator on a cone with the conical singu- 
larity carrying magnetic flux ("flux cone"). Starting from the operator formalism and 
' then combining techniques of path integration in polar coordinates and in spaces with 

-(-p* , constraints, the propagator and its path integral representation are derived. "Quan- 

Q^l tum correction" in the Lagrangian appears naturally and no a priori assumption is 

^ ■ made about connectivity of the configuration space. 

> 

ix^ ■ 1 Introduction 



Quantum mechanics on cones has been showing to be a fruitful model for studying the in- 
terplay between quantum mechanics and geometry. The nearly trivial geometry of the cone 
(curvature is concentrated at a single point, the conical singularity ^, resulting that 
the geometry is Euclidean everywhere except on a ray which starts at the singularity 0) is 
responsible for Aharonov-Bohm (A-B) like effects which have been discovered throughout 
the years [3-7]. Such findings can be used in the study of various (real) quantum systems 
whose backgrounds can be regarded as being conical with good approximation. Quan- 
tum matter around cosmic strings and black holes, and statistical mechanics of identical 
particles in two dimensions are examples. 

In this paper a path integral representation for the propagator of the Schrodinger 
equation is derived from the operator formalism on the cone. A magnetic flux is let to run 
through the cone axis, so that one has an A-B set up coupled with the conical geometry. 
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The method contrasts with the one in the hterature where path integral representations 
in spaces with a singular point are obtained by angular decomposition of the Feynman 
prescription in Cartesian coordinates, and by assuming non simply connectivity of the 
configuration space [8-12]. In the present approach instead, topological features arise 
naturally. 

The paper is organized as follows. In section 2 the background is briefly discussed (for 
more detailed accounts see P] and references therein). In section 3 path integral prescrip- 
tion (and propagator) is derived by breaking the evolution operator up into an infinite 
product of short time evolution operators, and then inserting completeness relations for 
configuration space eigenstates, whose ort honor mality relation is expressed in terms of 
stationary states. (Such procedure is straightforward in Euclidean space, but rather elab- 
orate in non trivial backgrounds |12[-) Topological features are identified in the resulting 
expression. The paper closes with final remarks. 



2 The background 

A cone is obtained from the Euclidean plane by removing a wedge of angle 27r (1 — a) (in 
fact when a > 1 a wedge is inserted). Clearly the line element is given by 

di^ = dp" + p'rf(^^ (1) 

which is the line element of the Euclidean plane written in polar coordinates. The fact that 
there is a delta function curvature at the origin is encoded in the unusual identification 

(p, yp) ~ (p, <^ + 27ra) . (2) 

The behavior of a free particle with mass M on a cone is determined from the La- 
grangian, 

C = ^M{dl/dtf 

= iM(p^ + pV). (3) 

Noting (0) it follows that orbits of particles (geodesic motion on the cone) are simply 
broken straight lines with uniform motion. As a constant magnetic flux $ running through 
the cone axis does not affect classical motion of a particle (with charge e), then classical 
motion on a flux cone is nearly trivial. Quantum motion, on the other hand, reveals non 
trivial features |]13|. 



3 The propagator and its path integral representation 

Due to local flatness of the conical geometry the free Hamiltonian operator is just the free 
Hamiltonian operator on the plane, 

2Mpdp ydp) ^ 2Mp2' ^ ^ 
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where L := —ihd/d(p. By choosing an appropriate gauge (the one corresponding to a 
vector potential which vanishes everywhere, except on a ray) and observing it follows 
that solutions of the Schrodinger equation satisfy 

^/^(p, if + 27ra) = exp{i27rcr}-?/^(p, (5) 

with a := —e^/ch. Boundary condition carries all information about the non trivial 
geometry and magnetic field. 

Consider the following effective Lagrangian 

which is obtained from by adding a quantum correction. The corresponding Hamilto- 
nian is given by 



The momentum operators associated with pp and with are given by 



Pp ydp + ^ j P^-* L, (8) 

where the presence of the term —ih/2p ensures self-adjointness of Pp (if the wave functions 
do not diverge very rapidly at p = 0), without spoiling the usual canonical commutation 
relations 0, It turns out that by performing the substitutions (|) in (|^), the Hamil- 
tonian operator (^) is reproduced, which obviously would not be the case if the quantum 
correction was not present in (0) [l^. The effective Lagrangian (P) will be considered again 
below. 

One seeks stationary states which span a space of wave functions where conservation 
of probability holds. This implies that the singularity at the origin must not be a source 
or a sink, 

lim / dip p3p = 0, (9) 

p^o Jo 

where Jp is the usual expression for the radial component of the probability current on the 
plane. Condition (^ is automatically guaranteed if the stationary states are finite at the 
origin. (Mildly divergent boundary conditions can be equally compatible with conservation 
of probability and square integrability of the wave function These possibilities 

will not be considered here.) Functions 



= J|™+C|/.(Me^^'"+«)^/^ (10) 



V2 

where 0<A;<oo,misa integer and J^, denotes a Bessel function of the first kind, 
are simultaneous eigenfunctions of H and L with eigenvalues h^k"^ /2M and (m + ^)h/a 
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respectively. Note that since J^(0) is finite for non negative u, tliese stationary states are 
finite at the origin. 

States \p, if) in (0) are a complete set of configuration space eigenstates, 

dp p dip \p,(p){p,(p\ = 1. (11) 
Jo 

Since their orthonormality relation is 

{p, f\p', y^') = -^{p- p')Kv - v'), 
p 



it follows that 



POO 

{p,v\p',^')= J2 / dk ktljk,m{p,vWk,„,{p',v')- 

m=-oo •'^ 

This expression is the completeness relation of the eigenfunctions ipk,mi 

/ dk k\k^m)(k^m\ = \^ 
„ Jo 



[12) 



m=— oo 



which may be derived by using the completeness relation of the Bessel functions, 

1 

dk kJ^{kp)J^{kp') = -6{p - p'), (13) 

P 



with Poisson's formula, 



oo oo 

^ S{(j) + 27rm) = — exp{im(j)}. (14) 



m=— oo 



Expression (0) corresponds to the usual one in Cartesian coordinates where {x\x') is ex- 
pressed in terms of plane waves, {x\x') = J {dk/27i) exp {ik {x — x')}. Recall that plane 
waves are simultaneous eigenfunctions of the free Hamiltonian and linear momentum op- 
erators, whereas ipk^mipi^) are simultaneous eigenfunctions of the free Hamiltonian and 
angular momentum operators. 

The orthonormality relation for the eigenfunctions V'fe,m, 

/•oo r2na 

{k,m\k',m) = / dp p d^ i)l {p,^)^k\m'{p,^) 



^6{k-k')6^m', (15) 



follows from the orthonormality relation 



r2na 

/ dip exp{i(p{m — n) / a} = 2TTa5jnn (16) 
Jo 



and (|T|). 
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For a complete set of configuration space eigenstates |p, v^) the propagator of tlie 
Schrodinger equation is given by K {p,ip; p',ip';T) = {p,ip\U (r) \p',{p'), where U{t) := 
exp{—iHT/h} is the evolution operator and t := t — t' is the time interval. Slicing r in 
N + 1 slices of width e = r„ = t„ — = t/{N + 1), the propagator reads 



N+l 



K (p, p', r) = (p, ^1 n ^ (^") V''), 



(17) 



n=l 



where the composition law of the evolution operator was used with the identifications 
t = tN+i and t' = to. By inserting in (|l^) completeness relations (|ll]) between each pair 
of evolution operators, one is led to 

K {P,^]P\^']t) =\{ / dpn pn difn Y[ [{pn, ^n\U ie)\pn-l, iPn-l)] ■ (18) 

n=l '-"'0 •^'^ -I n=l 



The identifications \p,ip) = \pN+i,fN+i) and \p',(p') = IpcV^o) were also used. 
The short time amplitudes in ([T8|) may be rewritten as 

{Pn,'Pn\U{e)\pn~l,fn-l) = {pn, fn\Pn-l, fn-l) " i^H {pn, (fn\Pn~l, fn-l) + 0{e^) 



(19) 



In order to obtain the action of H on (pn, v^nlPn-i? V'n-i) one expresses the later in terms 



of eigenfunctions of the former, i.e. ([1^ ) is considered. Then ([19|) is recast as 

°^ POO 



m=~oo 



+ 0{e' 



(20) 



where denotes the eigenvalue of if, i.e. h'^k'^ /2M. By replacing (|2^) in ([TB|) and taking 
the limit ^ oo (e — > 0) a partitioned expression for the propagator is obtained. 



K ip,^;p',(p';T) 



^ r roo r2-Ka 

lim TT / dpn pn / dip. 

N^oo^J-^ IJo Jo 



(21) 



N+l 

n 

n=l 



/'OtJ 

/ dk ke-''^''/^^lJk,mipn,^nWk,mipn-l,^n-l) 



The integral over in (pTf) may be evaluated by using the formula [ITS 



dx xe-""'j,(6a;)J,(ca;) = (l/2a)e-('''+"')/^''/,(6c/2a). 



(22) 



where Rea>0, Rez^>— 1. This integral corresponds in Cartesian coordinates to the 
Gaussian integral. Analytic continuation of (P2|) gives 



K (p, ^; p', y^'; r) = lim 



M 



N^ca 2naieh 



N 

n 

n=l 



dpn Pn 



2TTaieh/M 



(23) 



iV+l 

xn 

n=l 



oo 
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When a is an integer and the space is Euchdean, i.e. a = 1, (|23| ) reduces to Feyn- 
man's prescription for the propagator of a free particle. Indeed by considering the Fourier 
expansion of a plane wave, 

oo 

exp{mcos0}= ^ /|^|(m)e^™'^, (24) 



one sees from ( p3D the familiar partitioned expression 



M ^ 

Kq (x, x'; r) = lim -— — Y[ 



2meh/M 



which is symbolically written as 



K, (x, x'; r) = I V^x exp |^ y[ cit -x^j . (26) 



Before rewriting the path integral representation (p^) in a symbolic form which is 
analogous to (^61) , the expression for the propagator on the flux cone which was obtained 
in m using a complex contour method will be reproduced here from (pT]). (References 
P, [ll|] have also reproduced this propagator when cr = using other methods. Reference 



ri| in particular has used a path integral approach which is a generalization to the cone 



of the method used in the A-B set up 0. The propagator when a = 1 has been long 
known in the literature |T^.) Observing (|TB|), it is seen that only one sum over m and one 
integration over k remain in (pT]), 



1 

K{p,^-p',^';t) = ^ dk ke-'-'^'^/^ (27) 

zTca Jo 



oo 

X ^|m+H/a(M^|m+.|/a(V)e^^^'"+'^^(^-^'^/". 

m=— oo 



Then using (^) to evaluate the integration over k, results in 
ir(p,y,;p',y,';r) = ^^e^^^(''^+'''^)/^^- J] (Mpp'^r) e^(-+'^)(^--')/", (28) 



m=— oo 



which could have been guessed from ([23|). From (|2J) it follows that when a is an integer 
and a = 1, (^) collapses into the free Schrodinger propagator on the Euclidean plane, viz. 

iro(x,x';r) = -^e'''^^-^'^"/'^^ 
2TriTn 



Noting that J^^dX Ix{z)6{X — u) exp{iX(j)} = I^{z) explivcj)} and using (|T^, ( P5| ) be- 
comes 

oo 

K (p, ^; p', t)= ^"'^^'"K (p, + 27ra/; p', y;'; r) , (29) 
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with 



k ip, ^- p\ r) := Ji^e'M[p^+^-)/2nr r j^^^ {^Mpp' /ihr) e^^^^--'\ (30) 



Likewise (|2^) may be rewritten as 

M ^ 



^ (p, p , <^ ; ^) = lim . 



n 



n=l L 



dpn Pn / ^ . ^ 

Jo 2men/M 



(31) 



TV+l 
n=l 

Now, by using 



(p^+pLi)/2?i^ rfA /|A| (Mp„p„_i/i;ie)e'^(^"-^"-^+'™') 



(=— oo 



V e^'^+'^M c/x /(fcc + x)^(/c-x) 



e'^ / f^a; f{x)g{lc-x), 

l=-oo -^-^ 

one may extend the range of integration of cp from [0, 2TTa) to (— oo, oo). This leaves only 
one sum in (|3T|), leading to (^), but now (p, + 27rQ;Z; p', yj'; r) is given as a partitioned 
expression, 



M ^ 

K {p,ip + 2TTal; p', ip'; r) = Jim ^ Y\_ 



N^oo 27rieh 



n=l L 



^"^"y-oc27r2e^/M 



(32) 



Af+l 



giAf(p2+p2_ J/2;,, ^^^^ (MpnPn-ihht) e^^l'^""'^-! 

n=l L -^-^ 

Now the asymptotic behaviour of Iu{,z) for large \z\ can be used to derive | 

/oo 
rfA /|A|(-2) exp{iA0} ^ exp{2 + l/8z - #V2}, 
-oo 

which when used in (^2]) finally gives 

d'Pn 



M ^ 

K {p,{p + 2'nal] p', ip'; r) = Jim ^ JJ^ 



n=l L 



dp„ p„ 



2meTi/M 



N+l 



n=l 



M ( f Pn- Pn-l\^ , + 27ra/(5„,Ar+i - V^n-/ 

y U^^j +P.P.-1 ^ 



+ 



SMpnP 



n-l 



(33) 



or symbolically 

/■oo /-oo f 2 /■< ]\/f / 

K{p,<f + 2nal; p', if'; r) = Vp p V<f exp j - J^^ dt — [f? + 



pV) + 



8Mp2 



(34) 



4 Final remarks 



Expressions (^) and ( ^If ) are the path integral prescription where the corresponding ac- 
tion is the one made up of the effective Lagrangian C-eff, (|§). Recall that £e// is the 
appropriate Lagrangian for quantization through the "substitution principle" (||). It is 
important to note that a naive change from Cartesian to polar coordinates in the Feynman 
prescription p6| ) does not lead to (|3^), since the "quantum correction" Tl^ /SMp^ would be 
missing. (Quantum corrections as this one are typical of path integrals in non trivial back- 
grounds [jl^-) This is a simple example showing that coordinate transformations within 
path integral representations raise subtle issues. 

Examining expressions (p9D and (Q) leads to the following interpretation of this path 
integral representation. Since there is a conical singularity and/or a magnetic flux at the 
origin, the configuration space is non simply connected. The propagator is given by a sum 
of modulated propagators, each one of them giving the contribution of all paths belonging 
to a homotopy class labeled by the winding number I. Then the sum over / in (|29|) takes 
into account all paths circling round the "hole" at the origin. The modulated factors are a 
unitary representation of the fundamental group Z, and the particle travels in the covering 
space of B? — {0}. The particle is not free, but interacts with the "non trivial" topology 
through the quantum correction in the effective Lagrangian C^ff- 

Recalling a study of quantum flow in [Q, one sees that this interpretation may be 
appropriate when a < 1 and/or a is a non integer. But, strictly speaking, it is incorrect 
when a > 1 and a is an integer. In particular, when a = 1 and (7 = 0, ( pPj ) and are just 
a polar coordinate path integral prescription for a free particle moving on the Euclidean 
plane - the apparent non trivial topology is imparted by the use of polar coordinates which 
are singular at the origin. 

In principle, the material in this paper may be reconsidered in the context of other 
possible boundary conditions at the singularity. The result of such an investigation might 
reveal different features from the ones seen here. Proceeding as in section 3, the crucial 
point would be the use of new stationary states to obtain the new propagators and their 
corresponding path integral representations. This procedure seems to answer a question in 
|TB| , namely, how different boundary conditions at the singularity are related to the path 
integral approach. The use of the present method in the context of other geometries is also 
worth investigating. 

Using the proper time representation for the Green functions, the extension of the 
method to second quantization is straightforward. It would be interesting to investigate 
the connections between this paper and reference where path integrals in black hole 
background are considered. 
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